Abstract: This study presents a framework for coordinating multi-area optimal power flow with adjustable network topology in an electric power system. The modelling is accomplished in a coordinated but not a centralised fashion. Each regional operator dispatches its own generation and switches its own transmission network to reach its optimal benefits. The proposed model uses augmented Lagrangian relaxation to realise decomposition. No other information is exchanged between the regional operators except the Lagrangian multipliers. This study compares the centralised transmission switching model and the proposed decentralised method by using several numerical tests. The results verify the effectiveness of the solution methodology. The decomposition framework proposed in this study can serve as a foundation for implementing parallel computing.
Introduction
In a traditional optimal power flow (OPF) problem, a fixed network topology is assumed, and the decision and the state variables are continuous [1, 2] . However, in a practical power system, the transmission topology can change as a result of maintenance and network expansion. Since the concepts of transmission switching and network reconfiguration were proposed to alleviate congestion, correct the contingencies and the volt/VAr control in [3] [4] [5] , the topology of a transmission system may be adjusted especially during operation. The opening or closing of the existing or the potential transmission lines can be simply represented by integer variables. Including these integer decision variables as well as big-M constraints in an OPF makes the optimisation problem difficult to solve, even if the DC power flow formulations are used. In recent years, several studies have focused on improving the computational speed and addressing the switching security issues. Liu et al. [6] considered the static switching security of transmission switching, and Liu et al. [7] prescreened the switchable transmission lines among all the transmission branches, hence the number of binary variables decreases. Some scholars are exploring anti-islanding in the transmission switching problems. Islanding detection is performed during branching, hence a large amount of computational time is saved. All the references on transmission switching assume that one central control centre decides the optimal topology. A decentralised scheme with multiple decision makers has never been studied in the past. In the last two decades, some mathematical decomposition methods have been applied to the decentralised OPF. In [8] , a Dantzig-Wolf decomposition is used to solve the multi-area reactive power optimisation problem. Kim and Baldick [9] and Baldick et al. [10] present a method for the parallel solution of the full AC decentralised OPF problem. An augmented Lagrangian relaxation is used to solve the problem. However, the quadratic penalty term is non-separable. The auxiliary problem principle (APP) [11] makes the problem decomposable again and solves the problem iteratively. In [12] , a method for the decentralised solution of the security constrained OPF problem in large interconnected power systems is presented. Generator and transmission line outage are considered in the problem. Biskas and Bakirtzis [13] present a new method based on the Karush Kuhn Tucker conditions for the decentralised solution of the DC OPF of an interconnected power system. The test results for the three zones of the Reliability Test System 1996 (RTS 96) are reported. In [14] , a DC non-linear OPF is used. One or two fictitious buses are added on each tie-line joining two adjacent areas. This model realises the independent optimal dispatching of each area by relaxing the complicating constraints associated with the fictitious buses. In [15] , three mathematical decomposition coordination methods -the APP method, the predictor corrector proximal multiplier method and the alternating direction method -are introduced to implement the decentralised scheme. In [16] , a multi-area AC OPF is solved by using the Lagrangian relaxation method. A dual decomposition is used to separate the overall problem across the boundary of the interconnected areas. A regional coordinator buys energy from one side of the tie-lines and sells energy to the other side of the tie-lines. The spot price is set by the Lagrangian multipliers.
In this paper, an augmented Lagrangian-relaxation-based algorithm is presented for the multi-area decentralised OPF with adjustable transmission topology. The motivation for the proposed decentralised model includes the following three considerations. Firstly, the dispatching and the operational independence of each area in the multi-area power systems should be respected. A large system usually consists of several utilities companies, transmission owners or regional operators. Information on the network and the generators is usually considered commercially sensitive. Therefore the assumption that one operator handles all the data and the dispatching for the global system is not appropriate. The multi-area decentralised OPF is a scenario in which each individual utility or operator only deals with the information on and scheduling for its internal area and the crossing borders. Under this assumption, only a limited amount of economic information is exchanged among the utilities companies or operating centres in different areas. Secondly, the OPF with transmission switching is intractable even for the moderately sized power systems [3, 7] . However, the central management of a transmission network requires the switching solution for a huge system that comprises of tens of thousands of buses. The memories and central processing unit (CPU) requirements make such a task impossible with the current state of the art. An alternative is to divide the whole system into several subarea systems and reduce one big optimisation problem into several small ones. Finally, the transmission expansion and the maintenance share similar formulations with transmission switching. The decomposition framework proposed in this paper could potentially be used not only for transmission switching but also for multi-area network expansion or maintenance coordination.
The rest of this paper is divided into Section 2, which introduces the mathematical model of the multi-area OPF, Section 3 deals with the case studies and Section 4 with the conclusions.
Multi-area OPF with changeable topology
The objective function of the OPF with adjustable topology is to minimise the sum of the topology changing cost and the operating cost. The topology changing cost corresponds to the investment cost of building new transmission lines in a network expansion problem or to the maintenance cost associated with the binary decision variables u b , u b,0 . For a transmission switching problem, there is no direct topology changing cost. The operating cost represents the dispatching cost with a given topology. The dispatching cost curve F i (P i ) of a generating unit in (1) is usually a convex quadratic function, which is linearised by using a piecewise function for this study
Constraint (2) defines the upper generation limit and the lower generation limit of each generator. Constraint (3) is a nodal balance equation for each bus in the network. There is a fixed topology part and a changeable topology part in the transmission network. For the fixed topology part, the relationship between the phase angle and the flow is given by (4) . If the transmission branch is a switchable line or considered a newly built line, (6) and (7) will restrict the flow, the phase angle and the status of the transmission line. Apparently, if the binary variable u b is zero, (6) is relaxed by a big M.
The formulations (1)- (8) represent the OPF of a whole system. When the formulations are used to describe the multi-area decentralised coordinated OPF, the boundary variables and the constraints are not clearly identified. For the sake of convenience, the models (1)- (8) can be rewritten as (9)- (12 coupling constraints (12) . A group of equations in the form of (12) would associate the two areas in the multi-area OPF with the changeable topology problem
s.t.
Constraints for area
Constraints for area
Coupling constraints
The two-area system is shown in Fig. 1 and has a decomposable structure in nature. Area A exports and area B imports energy through the tie-line. After a dummy bus is introduced into each tie-line, the whole system can be divided into two individual pieces. The dummy bus can be considered as a coordinator that buys energy from area A and sells it to area B. The energy transaction is equal because of the nodal balance equation of the dummy bus. The two pieces of the tie-line in different areas should have an identical on/off status, because they are originally from the same tie-line. The coupling constraints in (12) are relaxed and incorporated into the objective function by using the Lagrangian multipliers to obtain the Lagrangian function by the following equation
The relaxed original problem is formulated in terms of minimising the Lagrangian function (13) subject to the constraints (10)- (11) . f(λ) in (14) represents the Lagrangian dual function with respect to the Lagrangian multiplier λ
The dual problem is the resulting max-min problem in the following equation
For a given λ (k) , the Lagrangian duality (14) of the original problem is decomposed into the independent OPF subproblems in each region, as shown in the following equations
Since λ k in iteration k may not be the optimal solution for the dual problem (15), the dual cost f(λ k ) that results from the solution of the subproblems (16) and (17) would be a lower bound for the optimal solution of the dual problem (15) . The difference between the optimal value of the objective function of the original problem (9)- (12) and the dual problem (15) is defined as the duality gap. In the convex case, the duality gap is zero. In practice, most of the engineering scheduling problems are non-convex [2, 17] such as the unit commitment problem, the network expansion problem and the maintenance scheduling problem. The proposed multi-area OPF coordination problem is also non-convex because of the binary decision variables for the topology changes.
According to the weak duality theory, (18) is satisfied in cases where x A * , y B * are the optimal solutions for the primal problem and λ* is the optimal solution for the dual problem.
In general, the procedure for solving the dual problem requires updating the Lagrangian multipliers λ iteratively. Based on the Lagrangian multiplier, the resulting small-scale optimisation problems (16) and (17) are solved hence the dual cost increases gradually until the changes of λ and F A ·x A − F B ·x B are relatively small. There are two popular algorithms for updating the Lagrangian multipliers. The one used most is the subgradient method (19) , in which the Lagrangian multipliers are updated in the direction where the dual cost increases. The parameter s (k) in (19) represents the step size that would need to satisfy (20) for the convergence [18, 19] . Since f(λ*) is generally not known before the dual problem is solved, an estimated value for f(λ*) − f(λ (k) ) is usually used
where · represents the Euclidean norm. There are two phases in the Lagrangian relaxation method. The first is to solve the dual problem; however, the solution of the dual problem may not be feasible for the primal problem because of the relaxed coupling constraints. Thus, the second phase of the Lagrangian relaxation method is to construct a feasible solution based on a dual solution. The non-convex characteristics of our multi-area coordination problem with the binary variables will create a larger duality gap and Fig. 1 Decomposition of the two areas connected by a tie-line www.ietdl.org make it difficult to find a good dual solution. A better dual solution with a lower degree of violation would result in a good optimal primal solution. Furthermore, the standard Lagrangian relaxation would, in our case, cause oscillations in the solution of the dual problem because of the piecewise linear function of the operating cost. A similar phenomenon is recognised in the solutions for the hydrothermal coordination problem [20] and the gas-electricity co-optimisation problem [21] . In [22, 23] , an augmented Lagrangian relaxation is used to decompose the unit commitment and the hydrothermal coordination problems. In the following, the augmented Lagrangian relaxation method is used, which introduces penalty terms to smooth out the dual function and alleviate the numerical oscillations.
We relax the coupling constraint (12) in an augmented Lagrangian function in (21) , where α is a positive penalty factor. The absolute penalty terms are proposed in [11] to replace the quadratic penalty. In [21] , a piecewise linear approximation is used with respect to the quadratic penalty terms
Note that the augmented Lagrangian function (21) cannot be decomposed since there is an inseparable cross penalty in terms of which the variables belong to the constraints in different areas. One method for solving the inseparability problem is the block coordinate descent method [21] , which is a kind of non-linear Gauss-Seidel method. An alternative method is to use the APP to deal with the penalty term. Usually, the APP linearises the quadratic term (a/2) F A ·x A − F B ·x B 2 of the augmented Lagrangian function at the current valuex 
Now, we have,
By choosing β ≥ α, the convergence of the APP method can be guaranteed in the convex case [11] . Then, the minimisation of this approximation to the augmented Lagrangian function can be decomposed. This method uses the results from the last iteration k to generate the solution in the iteration k + 1 for each area subproblem. In the k iteration of this algorithm, the subproblems can be written as (23) and (24).
When a system that includes more than two areas is being considered, a similar decomposition approach can be extended to coordinate the multi-area OPF with a changeable topology problem. The coefficient matrix of the optimisation problem exhibits the block structure shown in Fig. 2 . The bottom row of the coefficient matrix corresponds to the coupling constraints. If we delete the bottom row, the coefficient matrix becomes a diagonal block matrix. Therefore, when the coupling constraints are relaxed, the OPF of each region becomes irrelevant, and the OPFs are independent of each other. The iterative solution steps for the augmented Lagrangian-relaxation-based coordination algorithm follow here
Step 1: Initialise the Lagrangian multipliers λ 0 and the penalty factors α, β.
Step 2: For the given λ k , α, β, solve the OPF with the changeable transmission topology for regions (23) and (24) . Step 4: Update the Lagrangian multipliers by using (25) 
(25)
Step 5:
, γ is assumed to be 1.1, update the penalty parameters α k + 1 = μα k , β k + 1 = ηα k + 1 . Otherwise, do not update the penalty factors.
Step 6: Go to Step 2.
To improve the convergence performance, we can fix the binary variables after several iterations when the norm of violation of the coupling constraints is relatively small. Then, the decentralised OPF with binary variables problem becomes a convex decentralised OPF problem. It is easy to obtain the convergence results after that. A good upper bound (feasible solution) can be obtained during the solution process.
Case studies
The program is coded in the ILOG OPL modelling language, which formulates the problem and sends it to the MIP solver CPLEX 12.2. All the case studies are solved on a computer with an Intel i7 core and 8 GB memories.
RTS 96 power system
We use the modified RTS 96 system [24, 25] , which consists of three operating zones (Fig. 3) , 117 transmission branches, 111 generators and 73 buses. The peak load is set at 8547 MW. Zone 3 connects to Zone 1 through a one tie-line and to Zone 2 through another one tie-line. There are three tie-lines between Zone 1 and Zone 2 All the tie-line information is in Table 1 .
The objective is to minimise the total production cost for the overall system. The cost curve for each type of generator can be found in [24] . The transmission constraints are modelled as thermal limits or stability limits on all the individual lines and through the phase angle on all the buses. The transmission lines can be switched on or off; thus, the topology can be adjusted during operation. The parameters are altered as follows for each case to improve the convergence: Case 1 centralised: Solve the optimal transmission switching as a single system without decomposition. Case 2 decentralised: Solve the optimal transmission switching by using a decomposition scheme. Solve each region independently.
We optimised the topology and the generation dispatching in two different cases. In the first case, we solved the optimal transmission switching as a single system without any decomposition techniques. We used the branch and the cut method in CPLEX to solve the problem. During the branch and the bound processes, once the predefined relatively gap was satisfied, the solution procedure would stop. Then, the solver presented the best feasible solution it found. In the second case, the decentralised method proposed in this paper was employed. OPF with changeable topology was solved iteratively. At each iteration, the program independently solves an optimal transmission switching problem for each area. Fig. 4 illustrates the norm of violation of the coupling constraints with the algorithmic iterations for Case 2 when the load was 8547 MW. According to Fig. 4 , the norm of the discrepancy was reduced significantly after several iterations and was finally less than the predefined value. Fig. 5 shows the evolution of the augmented Lagrangian relaxation function which is flat after several iterations.
It is well known that adjusting the transmission topology can alleviate the transmission congestion and decrease the production cost. Based on the different load levels, we co-optimized the topology and the generation dispatching by using centralised and decentralised methods. Both the methods can reduce the production cost from that found in the case without the transmission switching as shown in Fig. 6 . The topology from the decentralised solution method may be different from the one based on the www.ietdl.org centralised method. The production cost based on the decentralised method is slightly higher than the cost based on the centralised method. The results confirm that the decentralised OPF with adjustable topology cannot guarantee global optimality but can result in a good, feasible solution with a coordinated scheme. The methodology for solving the centralised OPF is based on the branch and cuts algorithm implemented in CPLEX. The algorithm can guarantee global optimality within a finite timeframe. However, the decentralised OPF with a changeable transmission topology adopts a mathematical decomposition method and an augmented Lagrangian relaxation, to separate the original problems into several small scale sub-problems. Then, the small scale sub-problems are solved by the branch and cuts method. It is noticed that the decomposition can only result in an optimal solution if the original problem before the decomposition is convex. Therefore the decentralised method provides a suboptimal solution which is different from the results of the centralised method.
Figs. 7, 8 and 9 show the evolution of the norm of violation of the coupling constraints with the algorithmic iterations for Case 2 when the loads were 8000, 7500 and 7000 MW, respectively. It is observed that the norm of the discrepancy was reduced significantly after several iterations and was finally less than the threshold.
Larger system
A set of systems with an increased number of areas, derived by replicating the IEEE RTS 96 system, was tested to demonstrate the numerical efficiency and the effectiveness of the proposed method. The comparison of computing the efficiency between the decentralised method and the centralised method is given.
For the decentralised method, the wall-clock time increases with the number of areas and number of tie-lines as shown in Table 2 . Table 3 lists the wall-clock time of different cases when the centralised method is adopted. Compared with the centralised method, the wall-clock times of the three cases based on the decentralised method are slightly higher. For example, for the 292-bus system, the decentralised method decomposes the grid into 12 subareas and spends 202 s to obtain a good feasible solution. The switching decision can result in a 7.4% operating cost reduction. In comparison, the centralised method takes 160 s to obtain the solution with a 7.6% cost reduction. There is no significant difference for the computing efficiency between the centralised method and the decentralised method. The operating cost reduction based on the decentralised method in Table 2 in is slightly lower than that based on the centralised method in Table 3 . It is indicated that the decentralised method can still obtain a high quality feasible solution under a coordinated computing framework. The MIP gap for the solution based on the centralised method is listed in the sixth column of Table 3 . Fig. 7 Evolution of the norm of discrepancy when the load is 8000 MW Fig. 8 Evolution of the norm of discrepancy when the load is 7500 MW 
Conclusions
An augmented Lagrangian-relaxation-based multi-area OPF with adjustable transmission topology was proposed. The method successfully decomposed the original OPF with a changeable transmission topology into several subproblems corresponding to each region. While using the proposed coordination method, the operator of each area does not need to know the corresponding information (e.g. the transmission network parameters and the cost curves) about other areas. Only a limited amount of information on the boundary has to be exchanged among different operators. Case studies based on the IEEE RTS 96 system were conducted; they illustrated the effectiveness of the proposed method. The studies also showed that the proposed decentralised transmission switching cannot guarantee a globally optimal solution. However, it does provide a good, feasible solution that achieves close to global optimality. The proposed method can also be applied to the multi-area transmission expansion problem and the maintenance coordination problem, which have structures similar to the structure of the transmission switching problem.
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